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Abstract: We construct an action for four-dimensional extended string Newton-Cartan
gravity which is an extension of the string Newton-Cartan gravity that underlies nonrela-
tivistic string theory. The action can be obtained as a nonrelativistic limit of the Einstein-
Hilbert action in General Relativity augmented with a term that contains an auxiliary
two-form and one-form gauge eld that both have zero ux on-shell. The four-dimensional
extended string Newton-Cartan gravity is based on a central extension of the algebra that
underlies string Newton-Cartan gravity.
The construction is similar to the earlier construction of a three-dimensional Chern-
Simons action for extended Newton-Cartan gravity, which is based on a central extension
of the algebra that underlies Newton-Cartan gravity. We show that this three-dimensional
action is naturally obtained from the four-dimensional action by a reduction over the spatial
isometry direction longitudinal to the string followed by a truncation of the extended
string Newton-Cartan gravity elds. Our construction can be seen as a special case of the
construction of an action for extended p-brane Newton-Cartan gravity in p+ 3 dimensions.
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1 Introduction
String Newton-Cartan (NC) gravity is an extension of NC gravity. In NC gravity, there is a
one-dimensional foliation direction of NC spacetime corresponding to the absolute time di-
rection longitudinal to the worldline of a particle. In string NC gravity, this one-dimensional
foliation structure is replaced by a two-dimensional foliation with the two (timelike and
spatial) foliation directions longitudinal to the world-sheet of a string. String NC gravity
is the nonrelativistic gravity that naturally arises in the context of nonrelativistic string
theory [1, 2].1 It also arises in the study of nonrelativistic holography with nonrelativistic
gravity in the bulk where it could be used to probe nonrelativistic conformal eld theories
(CFTs) at the boundary with (an innite extension of) Galilean conformal symmetries [9].
The transformation rules and equations of motion of string NC gravity in any di-
mension can be obtained by taking a nonrelativistic limit of the transformation rules and
Einstein equations of General Relativity augmented with a zero-ux two-form gauge eld
B^ [1, 10].2 This same two-form gauge eld couples to the string via a Wess-Zumino
(WZ) term when taking the nonrelativistic limit of string theory. This WZ term is cru-
cial to cancel innities that otherwise would arise when taking the nonrelativistic limit of
1In this paper we consider a nonrelativistic string theory that is nonrelativistic in the target space but
relativistic on the worldsheet. For other recent work on nonrelativistic strings, see [3{8]. In [6{8], for zero
torsion, a specic truncation of the string NC gravity in the target space was considered, which leads to
NC gravity in one dimension lower, supplemented with an extra worldsheet scalar parametrizing the spatial
foliation direction.


















string theory [1].3 Taking the nonrelativistic limit of the o-shell Einstein-Hilbert term,
one again obtains divergent terms. Unlike the on-shell case, these divergent terms cannot
be cancelled by making use of a two-form gauge-eld alone. Using a rst-order formulation,
we will show in this work that, in four-dimensional spacetime, the divergent terms that
arise from the Einstein-Hilbert term can be cancelled by adding the following BF term to
the Einstein-Hilbert term that contains not only the two-form gauge eld B^ but also an










Here  is the gravitational coupling constant, R^ is the Ricci scalar and E^ is the determinant
of the Vierbein eld E^
A^. Both gauge elds have zero ux on-shell. They transform under
gauge transformations with parameters ^ and ^ as follows:
B^ = @^   @ ^ ; A^ = @^ : (1.2)
The Vierbein and the independent spin-connection 
 transform under Lorentz transforma-








All elds transform as tensors under general coordinate transformations with parameters ^.
Due to the presence of the additional gauge eld A^ needed to write down the second
term in the action eq. (1.1) one obtains, after taking the limit, not an action for string
NC gravity but for a dierent nonrelativistic gravity theory which we call Extended String
Newton-Cartan (ESNC) gravity. This ESNC gravity theory is based on a central extension
of the algebra that underlies string NC gravity. We will call this extended algebra the
ESNC algebra.
The above construction of a four-dimensional action for ESNC gravity is similar to an
earlier construction of three-dimensional extended NC gravity4 [11{13]. The main dier-
ence is that in the three-dimensional case one denes a limit leading to a one-dimensional
foliation and the two-form gauge eld gets replaced by a one-form gauge eld B^ leading










The common feature between the 3D and 4D actions is that the extra term we add to the
Einstein-Hilbert term contains a p-form B^1p+1 that naturally couples to a p-brane and a
vector A^ representing a central extension of the underlying algebra. Clearly, such a term
3Ignoring boundary conditions this WZ term is a total derivative. Including boundary conditions the
WZ term is essential to obtain string winding modes in the spectrum of the nonrelativistic string [1].
Independent of this, the two-form gauge eld is also crucial to derive the o-shell transformation rules of
string NC gravity as a limit of those of General Relativity [10].

















can only be written down in p+ 3 dimensions which is precisely the dimension in which a
p-brane has two transverse directions.
In this work we will derive the transformation rules of the ESNC gravity elds and
their curvatures by gauging the ESNC algebra. A standard part of this gauging procedure
is to impose a set of so-called conventional curvature constraints expressing some of the
gauge elds in terms of a set of independent elds. Usually, one imposes a maximal set
of constraints in order to make the resulting theory irreducible. We will not do so here
since we will take the nonrelativistic limit of rst-order general relativity leading to a rst-
order nonrelativistic action whose equations of motion will automatically lead to a set of
curvature constraints. It turns out that these curvature constraints are not identical to the
maximal set of conventional constraints one could impose. As a consequence of this, we
will nd that not all components of the boost spin-connection elds can be solved for.








In that case the equations of motion of the independent spin-connection elds yield pre-
cisely the maximum set of 24 constraints on the curvatures corresponding to the spacetime
generators P^ that one imposes in the gauging procedure:
R^
A^(P^ ) = 0 : (1.6)
These 24 curvature constraints can be used to solve for all 24 components of the spin-
connection elds 
^
A^B^. In the relativistic case, there are no geometrical constraints,
i.e. constraints on the independent timelike Vierbein elds. In contrast, we nd that in the
nonrelativistic case the components of the boost spin-connection elds that remain inde-
pendent occur as Lagrange multipliers in the nonrelativistic action imposing some (but not
all) of the geometric constraints of ESNC gravity.5 This is very similar to what happens
in the case of the so-called Carroll and Galilei gravity theories [14].
Our work should be contrasted with the Post-Newtonian (PN) approximation to gen-
eral relativity where one expands the Vielbein in powers of the speed of light c without
introducing additional gauge elds like we do in this work. In particular, it has been re-
cently shown that a large c expansion of general relativity coupled to matter can give rise
to torsional NC gravity [15] and nonrelativistic actions [16]. The dierence with this work
is that in the PN approximation one considers truncations and general relativity coupled
to (uncharged) matter whereas in this work we take a limit that is appropriate when con-
sidering sourceless (ignoring back-reaction) Einstein equations or string actions with the
string charged under a two-form gauge eld.
The organization of this work is as follows. In section 2 we will derive the transforma-
tion rules and curvatures of the independent gauge elds by gauging the 4D ESNC algebra.
These ingredients will be needed to describe the 4D ESNC gravity theory. In section 3, we
5The remaining geometric constraints are obtained by varying the central extension gauge eld, see the

















will consider the relativistic action eq. (1.1) containing the extra two-form and one-form
gauge elds. First, we will show how an action for the 4D ESNC gravity theory can be
obtained by taking the nonrelativistic limit of the action eq. (1.1). Next, we will show
how the nonrelativistic rules we derived in the previous section can be obtained by tak-
ing the limit of the relativistic transformations rules. In the same section we will obtain
the second-order formulation of the 4D ESNC gravity theory and present the equations
of motion. In section 4, we will show how, by truncation, the ESNC algebra is related to
the 3D algebra that underlies extended NC gravity. Furthermore, we will show how the
action describing 4D ESNC gravity reduces to the 3D nonrelativistic action for extended
NC gravity given in [12, 13]. We will also briey discuss the possibility of further extending
the ESNC algebra. Finally, in section 5 we will discuss several issues that follow from our
results. In appendix A we will present the maximal set of conventional constraints that one
can impose when gauging the ESNC algebra without requiring an action. In appendix B
we will discuss the generalization of ESNC to an extended p-brane NC algebra in p + 3
dimensions. In appendix C we will show that, although there is an action principle for
the ESNC gravity theory, the corresponding ESNC algebra does not allow a nondegenerate
symmetric invariant bilinear form.
2 Gauging the 4D extended string Newton-Cartan algebra
We start by writing down the symmetries and generators of the 4D extended string Newton-
Cartan algebra. For this purpose we split the at index A^ of General Relativity into an in-
dex A (A=0; 1) longitudinal to the string and an index A0 (A0=2; 3) transverse to the string.
In [17, 18] it has been shown that the underlying algebra of string NC gravity is an
extension of the string Galilei algebra that includes the non-central extensions ZA and Z .
In this paper, we will refer to this extended string Galilei algebra as the string Newton-
Cartan algebra, which conveniently implies that this is the algebra that underlies string NC
gravity. It turns out that the 4D string NC algebra allows an additional central extension
whose generator we denote by S. This central extension is the analogue of the second
central extension of the 3D Bargmann algebra [19].6;7 We thus end up with the following
symmetries and corresponding generators:
longitudinal translations HA
transverse translations PA0
longitudinal Lorentz transformations M
string Galilei boosts GAA0
spatial rotations J
non-central extensions ZA and Z
central extension S
6The physics behind this central extension, in particular its relation to (anyon) spin, has been discussed
in [20, 21].
7Following the logic of referring to the algebra underlying string NC gravity as the string NC algebra, we

















We use the following terminology for the algebras that are formed by dierent sets of the
above generators:
1. String Galilei algebra consists of the generators HA ; PA0 ;M ;GAA0 and J .
2. String Newton-Cartan algebra is a noncentral extension of string Galilei algebra that
includes the generators ZA and Z . This algebra underlies string NC gravity.
3. Extended String Newton-Cartan (ESNC) algebra is a central extension of the 4D
string NC algebra in four dimensions that includes the generator S . This algebra
underlies ESNC gravity.
We emphasize that the string Galilei algebra and the string NC algebra exist in any di-
mension, but that the ESNC algebra only exists in four dimensions.
The non-zero commutators among the generators of the ESNC algebra are given by8
[HA;M ] = A
BHB ; [HA; GBA0 ] = ABPA0 ; (2.1a)
[PA0 ; J ] = A0
B0PB0 ; [GAA0 ;M ] = A
BGBA0 ; (2.1b)
[GAA0 ; J ] = A0
B0GAB0 ; (2.1c)
and
[GAA0 ; PB0 ] = A0B0ZA ; (2.1d)
[GAA0 ; GBB0 ] = A0B0ABZ + A0B0ABS ; (2.1e)
[ZA;M ] = A
BZB ; [HA; Z] = A
BZB : (2.1f)
We have taken the following convention for the Levi-Civita symbols:
01 =  10 = 23 =  32 = 1 : (2.2)







and the index A0 can be raised by the Kronecker symbol A0B0 .
We introduce a Lie algebra valued gauge eld  that associates to each of the gener-





AA0 +M + J
 + ZAm
A + Zn + Ss : (2.4)
Note that  is the longitudinal spin-connection while 
 is the transverse spin-connection.
Considering the symmetries, we ignore the (longitudinal and transverse) translations and,


















instead, declare that all gauge elds transform as covariant vectors under reparametriza-
tions with parameter (x).9 Under the remaining gauge transformations
 = @  [;] ; (2.5)
with
 = GAA0
AA0 +M+ J0 + ZAA + Z + S ; (2.6)
the (independent) gauge elds transform as follows:

A =  AB
B ; E
A0 =  AA0A + 0A0B0EB0 ; (2.7a)






AA0   ABBA0   A0B0AB0
 +  AB
BA0 + 0 A0B0
AB0 ; (2.7c)










A   ABB +  ABmB + AA0EA0 + ABB : (2.7f)
The curvature two-form F associated with  is




AA0(G) +MR(M) + JR(J)
+ ZAR
A(Z) + ZR(Z) + SR(S) ; (2.8)



































































At this stage one usually imposes a maximal set of so-called conventional curvature
constraints in order to obtain an irreducible gauge theory. More precisely, one sets all
curvatures equal to zero that contain terms of the form gauge eld times a timelike Vierbein
9The reason for doing this is that in the next section we will take the nonrelativistic limit of general
relativity in a rst-order formulation. The 4D Einstein-Hilbert action in such a rst-order formulation is


















A or a spacelike Vierbein E
A0 . Since these Vierbeine are invertable10 this allows one
to solve for (some of the components of) the gauge elds that multiply these Vierbeine in
terms of the other terms that are contained in the expression of the curvature. However,
we will nd that imposing such a maximal set of constraints is not consistent with the
existence of an action. For this reason, we will rst construct in the next section a rst-
order nonrelativistic action and next impose only those curvature constraints that follow
from the variation of this action. For completeness and to compare, we will give the details
of the irreducible gauging (without an action) in appendix A.
3 The action
Our starting point is the rst-order action eq. (1.1) containing the sum of the Einstein-
Hilbert term and a term containing a two-form and one-form gauge eld. Before taking the
nonrelativistic limit of this action, we rst wish to dene an expansion of the relativistic
elds occurring in the action eq. (1.1) in terms of the nonrelativistic ESNC elds dened in
the previous section such that the correct transformation rules are reproduced. This leads



























 ; B^ = !2 ABAB ; (3.1c)
where we have written A^ = (A;A0) with (A = 0; 1;A0 = 2; 3) and

^





Finally, we expand the relativistic symmetry parameters as follows:11














AB ; ^ = 0 ; (3.4b)
where we have written
^AB = AB^ and ^A
0B0 = A
0B0^0 : (3.5)
First, we substitute the expansion eq. (3.1) into the action eq. (1.1). To simplify the
calculation, it is convenient to work with the following formulation of the action that avoids
10See eq. (3.11) in the next section for the denition of the inverses.
11Strictly speaking, we should also expand the g.c.t. parameters:




We nd that under reparametrizations with parameter  all nonrelativistic elds transform as covariant
































For  we choose the convention 0123 = 1 and for A^B^C^D^ we choose the convention
0123 = 1 . After a straightforward calculation, we nd that all divergent terms proportional
to !2 cancel and that the remaining expression, after taking the limit ! !1, is given by





















We note that the non-central extension gauge eld n does not occur in the action. Nev-
ertheless, the action (3.7) is invariant under the corresponding gauge transformation, with
parameter , under which the gauge eld m
A transforms non-trivially, see eq. (2.7).
Next, we substitute the expansions eqs. (3.1) and (3.4) into the relativistic transforma-
tion rules eq. (1.2) and eq. (1.3). This leads to the following equations for the nonrelativistic










































































In principle, it is straightforward to use these equations to solve for the dierent trans-
formation rules and take the limit ! !1. However, there is a subtlety with deriving the
nonrelativistic transformation rule of the gauge eld m
A under the A-transformations.
One would like to combine eqs. (3.8a) and (3.8c) to achieve this. However, the presence
of the curvature term R
A(H) forms an obstruction to derive the transformation (for
nite !) of 
A under A-transformations and this is needed in eq. (3.8a) to derive the
transformation of m
A under A-transformations. What helps to resolve this issue is that
12The inverse Vierbein elds will be needed later in the second-order formulation when we solve for the
connection elds.
13The rst term can be viewed as a constrained BF term that is central in the Plebanski formulation of


















A(H) components correspond to equations of motion of the nonrelativistic action
eq. (3.7). Assuming that R





A   ABB : (3.9)
Since in the o-shell nonrelativistic action we cannot use that R
A(H) = 0 , this trans-
formation rule will not leave the action invariant by itself but violate it by terms that are
proportional to R
A(H). However, because all components of R
A(H) are equations
of motion, it is guaranteed that we can cancel all these terms by assigning appropriate
transformation rules to the elds that give rise to these equations of motion. A careful
analysis of the nonrelativistic action eq. (3.7) shows that the elds below have the following
transformations under the A-transformations:
sA =RAB(J)























where the trace is taken over the longitudinal (AB) indices. We have used here the non-
relativistic inverse elds A and E








   AA ; AB = BA ;
AE
A0 = 0 ; 
AEA0 = 0 : (3.11)
Furthermore, we have used the following simplied notation: when a spacetime index is
contracted with the spacetime index of an (inverse) Vielbein eld (with no derivatives




































where we have dened RA0B0(J) = A0B0R(J).
Having resolved this subtlety, one obtains, after taking the limit ! ! 1, precisely
the nonrelativistic transformation rules eq. (2.7) derived in the previous section14 with all
elds independent.15 As a consistency check one may verify that the action eq. (3.7) is
invariant under these nonrelativistic transformations.
14Except for the A-transformations, see above.
15We cannot derive in this way the transformation rule of the non-central extension gauge eld n. This

















The action eq. (3.7) provides a rst-order formulation of the 4D ESNC gravity theory.
In order to go to a second-order formulation we consider those equations of motion that




 in the rst three terms. We do not vary the central




B = 0 (2 + 2) or A0A
A = 0 (2) and A0B0A = 0 (2) ; (3.14)
where we have dened

A  @[]A : (3.15)
The numbers in brackets in eq. (3.14) indicate the number of constraints.
As it turns out, not all components of 

AA0 lead to conventional constraints. These
are precisely the components that remain independent and cannot be solved for in terms




0   trace (4) (3.16)
leads to the 4 geometric constraints
A0(AB)   trace = 0 (4) : (3.17)
We will therefore not vary these 4 components. Finally, combining eqs. (3.14) and (3.17),
we obtain in total 8 geometric constraints that can be written as follows:
A0(AB) = 0 (6) ; A0B0A = 0 (2) : (3.18)




AA0(16  4 = 12), we obtain the following constraints:
A0B0E[
A0R]














(P )  `projection' = 0 (12) : (3.19c)
By `projection' in eq. (3.19c) we mean that the eld equations that correspond to the
variation of WAB
A0 are not included.16 The above 20 constraints are all conventional and






































) (12) ; (3.20c)
16These components are most easily identied by rst multiplying equation (3.19c) with  so that
the free indices are ;A and A0. One next converts the free -index into a free at index B such that the

















where the components ~WABA
0
are related to the components WAB
A0 dened in eq. (3.16)
as follows:
~WAB






)  trace : (3.21)





A  @[m]A + ABm[B] : (3.22)
The -terms are torsion contributions to the spin-connections given by
























B]  RB [A(H)mjA0jB]  RBA0[A(H)mB] : (3.23c)
These torsion terms will vanish once the geometric constraints are imposed. Substituting
the expressions eq. (3.20) for the spin-connections back into the action eq. (3.7) we obtain
























It is now understood that all three spin-connection elds are dependent and given by the
expressions eq. (3.20). The prime in the boost curvature R(G) indicates that we have left
out the independent spin-connection components WAB
A0 . They appear as a separate term
in the second line of eq. (3.24).
Finally, given the above second-order action eq. (3.24), the equations of motion can
be obtained by varying the independent elds fA; EA0 ;mAg together with the inde-
pendent Lagrange multipliers fWABA0 ; sg. The Lagrange multipliers occur in the second
line of eq. (3.24) and give rise to the 8 geometric constraints given in eq. (3.18). As a
consequence, all -terms in eq. (3.20) vanish. Using the resulting simplied expressions
for the spin-connections, the equations of motion corresponding to the independent elds
fA; EA0 ;mAg are respectively given by
A0B0E[
A0R]




(G) = 0 ; (3.25b)
[
AR](J) = 0 : (3.25c)
The above equations are a generalization of the usual Newton-Cartan equations of motion.

















relativity. Instead, they describe the (instantaneous) gravitational interaction between
massive objects. For instance, in the case of string NC gravity, similar equations describe
the instantaneous gravitational attraction between the wound strings that occur in the
spectrum of a non-relativistic string [1].
This concludes our discussion of the 4D ESNC gravity theory.
4 Relation to 3D extended Newton-Cartan gravity
In this section we discuss the relation between the present work and earlier work in three
dimensions [12, 13]. By taking a dimensional reduction along the longitudinal spatial
direction (A = 1) followed by a truncation setting some of the generators equal to zero, see
eq. (4.2), the 4D ESNC algebra eq. (2.1) reduces to the 3D algebra that underlies the 3D
extended NC gravity [12, 13].









H0 ! H ; H1 ! 0 ; PA0 ! PA0 ; (4.2a)
G0A0 ! GA0 ; G1A0 ! 0 ; M ! 0 ; J ! J ; (4.2b)
Z ! 0 ; Z0 ! Z ; Z1 ! 0 ; S !   S : (4.2c)






central extensions Z; S
We use the following terminology for the algebras that are formed by dierent sets of the
above generators:
1. Galilei algebra consists of the generators H ; PA0 ; GA0 and J .
2. Newton-Cartan algebra is a central extension of the Galilei algebra that includes the
generator Z . This algebra underlies NC gravity. In the literature, this NC algebra
is usually referred to as the Bargmann algebra.
3. Extended Newton-Cartan algebra is a central extension of the 3D NC algebra that
includes the generator S . This algebra underlies extended NC gravity. Note that
in [12] a dierent terminology is used. There, the extended NC algebra is referred to


















We emphasize that the Galilei and NC algebras exist in any dimension, but that the
extended NC algebra only exists in three dimensions.
As a result, the ESNC algebra eq. (2.1) reduces to
[ GA0 ; H] = PA0 ; [ PA0 ; J ] = A0
B0 PB0 ; [ GA0 ; J ] = A0
B0 GB0 ; (4.3a)
[ GA0 ; PB0 ] = A0B0 Z ; [ GA0 ; GB0 ] = A0B0 S : (4.3b)
This matches the extended NC algebra introduced in [12, 13].
We can perform a similar dimensional reduction and truncation of the action eq. (3.7)
along the longitudinal spatial y-direction which we take to be an isometry direction. Using
the adapted coordinate system x = (xi ; y) , i = 0 ; 2 ; 3 we have the following reduction
and truncation of the various elds:
Ey
A0 ! 0 ; mi0 ! mi ; mi1 ; myA ! 0 ; (4.4a)
y
1 ! 1 ; i0 ! i ; i1 ; y0 ! 0 : (4.4b)
The gauge eld s reduces to
sy ! 0 ; si !  si : (4.5)





iA0 ;  ; 
y ; 
y0A0 ; 
1A0 ! 0 : (4.6)
From this it follows that the various curvature two-forms reduce to
Rij(M)! 0 ; (4.7a)


























1A0(G)! 0 ; (4.7d)





Note that all curvature two-tensors with y indices vanish after dimensional reduction. It











B0( G)  mi Rjk( J)  i Rjk( S)
i
: (4.8)









B0( G)  mi Rjk( J)  i Rjk( S)
i
; (4.9)
where k is the Chern-Simons level.
To match with the conventions in [12], one needs to redene the Galilean boost gener-
ator GA0 as

















Then, the commutation relations eq. (4.3) become
[ H ; GA0 ] =  A0B0 PA0 ; [ J ; PA0 ] =  A0B0 PB0 ; [ J ; GA0 ] =  A0B0 GB0 ; (4.11a)
[ GA0 ; PB0 ] = A0B0 Z ; [ GA0 ; GB0 ] = A0B0 S : (4.11b)
Furthermore, we need to redene

i




A0( G)!  A0B0 RijA0( G) ; (4.13)
where the denition of Rij
A0( G) does not change. From all this it follows that the action








A0 RjkB0( G)  mi Rjk( J)  i Rjk( S)
i
; (4.14)
which precisely equals eq. (5) in [12]. Here, the Levi-Civita symbol ijk is dened such that
012 = 1 .
Before closing this section, we mention briey some further extensions of the ESNC
algebra eq. (2.1) that one might consider. First, we introduce an extra generator SAB with
SAB = SBA and 
ABSAB = 2S with S being the central charge generator we considered in
this work. Then, the commutation relation eq. (2.1e) is modied to be
[GAA0 ; GBB0 ] = A0B0ABZ + A0B0SAB : (4.15)
In order to close the algebra, one has to include a new commutation relation,
[SAB ; M ] = A
CSBC + B
CSAC : (4.16)
Second, in addition to SAB , one may also include another generator SA by modifying
eq. (2.1d) to be
[GAA0 ; PB0 ] = A0B0ZA + A0B0SA : (4.17)
In order to close the algebra, one has to include two new commutation relations,
[SA ; M ] = A
BSB ; (4.18a)
[HA ; SBC ] = ABSC + ACSB : (4.18b)
In order to dimensionally reduce to three dimensions this new algebra that combines
eqs. (2.1) and (4.15)  (4.18), we take
S0 !   Y ; S1 ! 0 ; SAB !  AB S : (4.19)
Then, the commutation relations eq. (4.3b) become
[ GA0 ; PB0 ] = A0B0 Z   A0B0 Y ; [ GA0 ; GB0 ] = A0B0 S : (4.20)
In addition, we have one other non-vanishing commutator,
[ H ; S] = 2 Y : (4.21)


















In this work we showed how an action can be constructed for the 4D string Newton-Cartan
(NC) gravity theory underlying nonrelativistic string theory provided an extra gauge eld
is introduced that signals a central extension in the string NC algebra. We called this
extended gravitational theory Extended String Newton-Cartan (ESNC) gravity. The extra
vector eld is on top of the zero-ux two-form gauge eld that needs to be added to obtain
a nite limit of the relativistic string worldsheet action [1]. The vector and two-form gauge
elds occur together in an extra term that needs to be added to the Einstein-Hilbert term
in order to obtain a nite limit of the relativistic target space action, see eq. (1.1). It would
be interesting to see whether, requiring conformal invariance of the worldsheet action of 4D
nonrelativistic string theory, leads to the equations of motion of string NC gravity (without
an action) or to its ESNC gravity version (with an action) that is discussed in this work.
Our results are a natural extension of earlier work in three dimensions [12, 13] where a
Chern-Simons (CS) action was constructed for the extended (particle) NC algebra. Indeed,
we have shown how the extended NC algebra can be obtained from the ESNC algebra by
reduction and truncation and how the 3D extended NC gravity action can be obtained from
the 4D ESNC gravity action by a reduction over the spatial longitudinal direction followed
by a truncation. It is clear that our procedure for constructing a nonrelativistic action can
be generalized to general relativity in p + 3 dimensions where the divergences originating
from the Einstein-Hilbert term are cancelled by adding the following term containing a
(p+ 1)-form gauge eld B^1p+1 and a one-form gauge eld A^:
1p+3B^1p+1@p+2A^p+3 : (5.1)
The nonrelativistic limit leads to an action for extended p-brane NC gravity. The resulting
nonrelativistic actions in dierent dimensions are related to each other by a dimensional
reduction over one of the spatial isometry directions longitudinal to the p-brane followed
by a truncation. It has been shown that an alternative way to obtain the 3D extended NC
gravity action is to start from the Einstein-Hilbert action and to apply the technique of
so-called Lie algebra expansions [25]. It would be interesting to see whether, similarly, the
higher-dimensional p-brane NC gravity actions can be obtained by appropriate generaliza-
tions of such Lie algebra expansions.
The 4D action constructed in this work is an extension of a 3D CS action in the
sense that all terms in the rst-order action eq. (3.7) are the wedge product of two one-
form gauge elds with one two-form curvature as opposed to a 3D CS action where all
terms are wedge products of a single one-form gauge eld with a two-form curvature. The
necessary condition for writing down a 3D CS action is that the underlying algebra allows
a non-degenerate symmetric invariant bilinear form. The ESNC algebra does not possess
such a bilinear form (see appendix C). Evidently, the non-existence of a non-degenerate
symmetric invariant bilinear form for the ESNC algebra is not an obstruction to writing
down an action of the form eq. (3.7). Instead, such an action requires the existence of
a particular trilinear form. Requiring the action to be gauge-invariant already leads to

















is not invariant under the P-translations of the algebra whereas in 3D the P-translations
are on-shell equivalent to the general coordinate transformations. It would be interesting
to determine the minimum set of requirements that must be met at the algebraic level in
order to be able to write down a nonrelativistic gravity action of the form eq. (3.7).
Having constructed an action for nonrelativistic gravity is one step further in inves-
tigating the implications of nonrelativistic holography with nonrelativistic gravity in the
bulk [9]. The price we had to pay in order to write down an action was the introduction
of an extra vector eld corresponding to a central extension in the algebra. It would be
interesting to see how this extra vector eld would t into the target space geometry of 4D
nonrelativistic string theory or its variation. In the case of the 3D (particle) NC algebra, the
central extension has been related to the occurrence of anyons in three dimensions [20, 21].
What makes anyons possible in three dimensions is the fact that the transverse rotation
group of a 3D particle is Abelian. The same property has been used to show that the
spectrum analysis of 3D relativistic string theory does not follow the general pattern in
arbitrary dimensions but, instead, gives rise to anyonic particles in the spectrum [26]. Here,
in the nonrelativistic case, we are facing a similar situation with nonrelativistic strings in
four dimensions where the rotation group transverse to the string is Abelian. It would be
interesting to see whether the general spectrum analysis of nonrelativistic string theory [1]
becomes special in four dimensions and could lead to extra (winding) anyonic strings in the
spectrum that are absent in the general analysis. Such extra states could have important
implications for the 3D boundary eld theory such as the fractional quantum Hall eect
where anyons do play a role. For a recent discussion of anyonic strings in the bulk and
anyons/vortices at the boundary within a holographic context, see [27].
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To obtain an irreducible gauge theory (without an action) we impose the following maxi-
mum set of 36 conventional constraints on the curvatures:
R
A(H) = 0 (12) ; (A.1a)
R
A0(P ) = 0 (12) ; (A.1b)
R
A(Z) = 0 (12) ; (A.1c)
where we have indicated the number of constraints between brackets. The rst 12 con-
straints are special in the sense that they are a mixture of 4 conventional constraints that
are used to solve for the 4 components of the longitudinal spin-connection  and the 8
geometric constraints given in eq. (3.18).
The remaining 24 = 12 + 12 constraints in eqs. (A.1b) and (A.1c) are used to solve for
the 16 Galilean boost spin connections 

AA0 , the 4 transverse spin-connections 
 and
the 4 non-central extension elds n that did not occur in the nonrelativistic action. The
calculation of the explicit expressions of the dependent gauge elds
f ;
AA0 ;
 ; ng (A.2)
is identical to the one corresponding to the string NC algebra [10] since the extra generator
S, being a central extension, does not occur in the curvatures that are set to zero. For the

















































where we have used the denitions eq. (3.22). The transformations of these dependent
gauge elds are identical to the ones given in eq. (2.7) before imposing the curvature con-
straints, except for an additional longitudinal Lorentz curvature term in the transformation
of the n gauge-eld under a gauge transformation with parameter 
A [10]. This is due to
the fact that the additional constraint R
A(Z) = 0 that we impose is not invariant under
A-transformations, but instead transform into a longitudinal Lorentz curvature term. The
explicit form of this term will not be needed since the gauge eld n does not occur in the
nonrelativistic action eq. (3.7).
17To compare with [10], one should use the following dictionary:


AB ! AB ; 
A
0B0 ! A0B0

















B Extended p-brane Newton-Cartan algebras
We consider generalizations of the ESNC algebra eq. (2.1) to p-branes in p+ 3 dimensions.
Take an index A (A = 0; 1;    ; p) longitudinal to the brane and an index A0 (A0 = p +




longitudinal Lorentz transformations MAB
string Galilei boosts GAA0
spatial rotations J
non-central extensions ZA and ZAB
central extension S
among whom all non-zero commutators are given by18
[HA ;MBC ] =  ABHC + ACHB ; [HA ; GBA0 ] = ABPA0 ; (B.1a)
[PA0 ; J ] = A0
B0PB0 ; [GAA0 ;MBC ] =  ABGCA0 + ACGBA0 ; (B.1b)
[GAA0 J ] = A0
B0GAB0 ; (B.1c)
[MAB ;MCD] = ACMBD   BCMAD   ADMBC + BDMAC ; (B.1d)
and
[GAA0 ; PB0 ] = A0B0ZA ; [GAA0 ; GBB0 ] = A0B0ZAB + A0B0ABS ; (B.1e)
[ZA ;MBC ] =  ABZC + ACZB ; [HA ; ZBC ] =  ABZC + ACZB ; (B.1f)
[MAB ; ZCD] = ACZBD   BCZAD   ADZBC + BDZAC : (B.1g)
We will leave the explicit construction of an action for extended p-brane NC gravity in
p+3 dimensions that realizes the extended p-brane NC algebra as the underlying symmetry
algebra to future studies.
C Non-existence of a non-degenerate symmetric invariant bilinear form
Let h; i be a symmetric invariant bilinear form for the ESNC algebra. We will demonstrate
that h; i is necessarily degenerate because hH0; xi = 0 for all x in the algebra.
Invariance implies the associativity property h[x; y]; zi = hx; [y; z]i for all x; y; z in the
ESNC algebra. We will make some judicious choices for x, y and z.
Note that h[M;H1]; xi= hH0; xi. On the other hand, invariance implies h[M;H1]; xi =
hM; [H1; x]i. Therefore, hH0; xi = 0 if [H1; x] = 0, which is the case for x = H0, H1, P2,


















P3, M , G02, G03, J , Z0, Z1, and S. Only three cases remain: x = G12; G13, and Z. For
these, we have
hH0; G12i =  hM;P2i; hH0; G13i =  hM;P3i; hH0; Zi =  hM;Z0i : (C.1)
Now, M commutes with J and so
0 = h[M;J ]; PA0i = hM; [J; PA0 ]i =  A0B0hM;PB0i: (C.2)
This implies hM;P2i = hM;P3i = 0 and thus, by eq. (C.1), hH0; G12i = hH0; G13i = 0.
Similarly, M commutes with P3 and so
0 = h[M;P3]; G03i = hM; [P3; G03]i =  hM;Z0i: (C.3)
From eq. (C.1), we conclude that hH0; Zi = 0.
Using similar arguments, one can show that the kernel of any symmetric invariant
bilinear form for the ESNC algebra is in fact spanned by HA, PA0 and ZA.
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